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ABSTRACT.  Integral equation (IE) methods are viable for modelling the interaction between 
microwave signals and porous materials for measurement of moisture content.  Practitioners of IE 
methods frequently use delta basis functions to represent the field in each cell, but the inherent 
approximations limit accuracy.  Although higher order basis functions provide one alternative, here we 
retain the geometric and cell density advantages delta functions, but address accuracy by correcting for 
the field integration errors of the conventional moment method.  Our approach circumvents the errors 
that arise when assuming that the field of a cell is adequately represented by a source at its centre, and 
has resulted in close agreement between empirical results and the model.  The new technique retains 
the rapid calculation and suitability for use in dielectric tomography and for modelling the spatial 
response of moisture sensors. 
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1  Introduction 
 
TDR (time domain reflectometry) is used extensively for measurement of θ, the volumetric 
moisture content in soil, and is applicable but less widely used in other materials such as 
grains, powders, and minerals.  For measurement of θ, a short open-ended parallel 
transmission line or waveguide, typically 300 mm long, is buried in the material under test.  
The travel time of a pulse with very short risetime (typically < 300 ps) is measured and 
provides the mean propagation velocity pv , on the line of known length.  Since most 
biological and composite materials make negligible contribution to the permeability of the 
region, pv  indicates the mean relative permittivity rε of the material surrounding the 
waveguide.  When the loss tangent is small, and the relative permeability is one, rε may be 
obtained using: 
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where c is the velocity of light.  Since rε for most organic and mineral materials is typically in 
the range of three to five whereas that of water is typically 80, rε of a material forms a useful 
surrogate for its moisture content.  Frequently, empirical calibration techniques are used since 
practical dielectric models are usually unable to account for the subtle interactions between 
water molecules and the material that affect the water’s polarisability.  For example, Topp et 
al [1] developed a polynomial relating the measured rε to the moisture content of soil.  This 
calibration is applicable to quite a wide range of soil types (and hence orders of magnitude 
variation in particle size with their attendant variable interactions with water molecules) and 
typically has an accuracy of better than 2% in θ over the range 5 to 50%. 
 
We have previously shown [2] how an integral equation (IE) method can be used to model the 
field distribution around a TDR waveguide immersed in an arbitrary permittivity (and hence 
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moisture content) distribution, and lead to a prediction of pv .  The model has also been used 
to invert a set of data to provide a measure of moisture distribution [3], and here an IE method 
confers significant advantages.  IE methods enable the problem to be solved once for a given 
permittivity distribution, and for any field distribution representing different positions of the 
waveguide, resulting in just one forward calculation per inverse iteration.  This contrasts with 
DE methods where one solution is required for each waveguide position.  The approach is 
thus generally more favourable than the otherwise more rapid DE methods, especially when 
coupled with rapid IE approaches such as the pseudo 3-D method [4]. 
 
When employing IE methods, delta basis functions and point matching are normally used.  In 
the case described here, the depolarisation field in every discretised cell is calculated from the 
sum of the field contribution from the centre of all other cells.  Higher order basis functions 
may also be used, but there is a compromise between the additional complexity and accuracy 
of the higher order basis functions, compared with gaining increased accuracy through finer 
discretisation but retaining delta basis functions.  Point matching methods have been used in 
our work but their use does introduce an error which we have addressed by an alternative 
formulation.  First we describe our existing method, and then detail the alternative approach. 
 
 
2  Integral Equation and Discretisation 
 
The polarisation of a discretised zone or cell within a dielectric material may be represented 
by a dipole at its geometric centre.  In most dielectric materials, there is no net polarisation 
until generated by an external or impressed field.  When applied to this quasi-static electric 
field problem where the material is considered lossless, the method of moments may be 
considered as the summation in each cell, of the electric field contributions due to the 
polarisation in all other cells. The potential φ p  at point p(x,y,z) generated by polarisation P, is: 
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where r
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is a unit vector pointing from the centre of the cell to p [5].  In Cartesian 3-space: 
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where ~, ~ ~x y z and  are the rectangular components of ~r . The potential arising from many cells 
is: 
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where dv  is the differential volume over which each P. r
∧
 applies.  Reverting to the single 
dipole case, its electric field is the space rate of change of potential (−grad pφ ) so that: 
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with corresponding equations for Epy and Epz,.  The above may be combined in an integral 
equation describing the electric field Ep at a point p: 
 E P.rP ( , , ) ( )x y z r
dv= −∇
∧
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The polarisation region may now be discretised, and following the method of moments [6], 
we calculate the matrix of polarisation vectors P(x,y,z) using: 
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where L is a linear operator, Ei the external impressed field and χ(x,y,z) the electric 
susceptibility (εr(x,y,z) - 1).  Eqn (7) is converted to matrix form and solved for the vector of 
polarisations P, and the electric field strength in each cell is recovered from the polarisation: 
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The inputs required for the method are: a vector comprising sets of three elements describing 
the impressed field, a matrix describing the permittivity within each cell, and the 
dimensionality of the problem.  While the above method applies to any impressed field 
distribution, in this case Ei is the vector of impressed field components due to the waveguide, 
where the transverse field is described by the x-y plane, and the z axis is parallel to the 
waveguide rods.  To obtain the potential difference between the two rods and hence determine 
line capacitance, the matrix E is integrated along a path between the rods in a transverse 
plane.  Then to obtain pv for the lossless case, the standard transmission line formula is used: 
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Here dl is the length element of the numerical integration (the cell length in this discretised 
case), q the same initial line charge density that defined the impressed field, µ the total 
permeability, b the transmission line rod spacing, and a the rod diameter.  
 
 
3  New Field Formulation 
 
Implicit in the above formulation of the point matching method described by Eqn (6) is the 
31 r  dependence for calculation of the far field contribution from the dipole at the centre of 
each cell.  While this approximation is valid for distant cells, the assumption for the near field 
introduces errors, since point matching assumes that the total field contribution from the cell 
may be adequately represented by a dipole at the centre.  The near-field due to polarisation in 
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real materials is more accurately represented by a uniform distribution of dipoles, so the 
standard approach has been altered to correct for the assumption. 
 
Consider the field in one 2-D square cell, due to dipoles uniformly distributed over an 
adjacent (non-diagonal) cell, with total polarisation moment P distributed in the x direction as 
polarisation density P x .   The field due to the polarisation is: 
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If k represents a factor to correct for distance between the source and field points, then 
equating the field in Eqn (6) with the resultant of Eqn (10), and with the convention that the 
dimensions are referred to cell centres: 
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provides a correction k of 0.825.  Similarly, the next adjacent cell is located in the interval 
(1.5x, 2.5x) to give k=0.95, and for the interval (2.5x, 3.5x), k=0.98.  Reformulating Eqn (11) 
for the slightly more involved diagonal cell integration gives k=0.908 for the nearest diagonal 
cell. 
 
Implementation of the improved method may be simply achieved by testing the distance r 
from field to source cell, and applying correction k for the appropriate interval in r.  In this 
manner, a suitable correction may also be applied to diagonal cells (eg the first diagonal is 
incorporated with the second rectangular correction) without incurring additional 
computational burden. 
  
 
3  Verification 
 
The IE model was verified by comparison with actual propagation times measured by a 
Hewlett Packard 54121T digitising oscilloscope connected to a 300 mm waveguide in 
proximity to a water bath.  A 1:4 balun, constructed in a manner similar to [7], but using 
grade S3 ferrite toroids, coupled the 54121T TDR channel to the balanced waveguide which 
comprised two 6.5 mm diameter brass rods space 60 mm apart.   
 
A time marker comprising a HP5082-3188 PIN diode (on-resistance 0.6sR = Ω  at a diode 
current 10dI =  mA, and reverse bias capacitance 1tC < pF at 20 V) 300 mm from the open-
circuited ends of the waveguide was used in a manner similar to [8]. A bias network (Fig.1), 
enabled the PIN diode to be switched on for a reference measurement.  Contrary to the 
findings of [8] for the lower sensitivity measurements in soil, the effect of changing the 
reverse voltage of the diode was apparent to 20 volts, although the forward current had little 
effect once the diode was forward biased.  Consequently, plus 5 V was applied to Vs (Fig.2) 
to select the reference measurement mode ( 10dI ≅  mA) and minus 20 V to measure total 
propagation time, pt .  The variable resistance was used to balance, as far as practicable, the 
sensitivity of each PTL rod. 
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Fig.1 Circuit of balun, PIN diode bias and balancing network. 
 
In this instance, the waveform with the diode shorted was subtracted from that with the 
unshorted diode, cancelling perturbations due to changes in cable impedance and spurious 
reflections from connectors.  The HP54121T was normalised with the reference plane located 
at the SMA connector between the cable and the balun. 
 
The point of reflection was determined from the intersection of tangents to the maximum 
slope of the returned edge and the preceding plateau in a manner similar to that used by [9] 
and [10] (Fig 2).  
 
 
Fig.2 Difference waveform and tangents for HP54121T measurements. 
Waveform data retrieved from the HP54121T were smoothed and differentiated using 25 
point routines [9].  The intersection between the tangents to the maximum positive slope and 
the immediately preceding stationary point defined the turning points, and the time difference 
represents propagation time pt  for the 300 mm section of the waveguide. 
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A rectangular thin walled plastic container 150 by 500 by 80 mm filled with water formed a 
dielectric body.  The waveguide was positioned near the water and used computer readable 
position sensing with 1 mm precision to record relative positions.  The position was defined 
as the (x, y) distances (mm) between a top edge of the container and the geometric centre of 
transmission line.  A ‘distant’ separation provided a reference reading to correct the small 
difference between measured and modelled values of pt for air (where pv c= ).  Model 
predictions were calculated using 5 mm cubic cells and a quasi 3-D approach that included 
the influence of the neighbouring cells in the z direction within the 2-D (xy) matrix [4].  
 
 
4  Results and Discussion 
 
Table 1 shows the comparison between the quasi 3D IE method, and the improved method 
that compensates for the near-field of all cells within 3 cell dimensions of each source cell.  A 
correction of 6 ps was subtracted from the model predictions to account for the discrepancy 
between measured and modelled results when the waveguide was positioned far from the 
water bath (Table 1).  
 
Table 1  Comparison of measured and predicted pt . 
Measurements Quasi-3D Model  Improved Quasi-3D 
model 
Position 
(mm) 
pt  (ns) Predicted 
pt  (ns) 
Corrected 
pt∆  (ps) 
Predicted 
pt  (ns) 
Corrected 
pt∆  (ps)   
0, 5 1.077 1.060 -23 1.068 -15 
0, 10 1.043 1.037 -12 1.041 -8 
0, 20 1.026 1.019 -13 1.021 -11 
0, 30 1.005 1.013 2 1.014 3 
75, 5 1.252 1.153 -105 1.231 -27 
75, 10 1.095  1.087 -14  1.112 11 
75, 20 1.028 1.038 4 1.046 12 
75, 30 1.014 1.022 2 1.025 5 
distant 1.002 1.008 0 1.008 0 
 
 
The better agreement between measured data and the improved model demonstrates the 
improved accuracy that can be obtained with the point matching method, provided field 
integration errors are accounted for.  Although there remains some consistent difference for 
the asymmetric case (x=0, Fig 3), this is probably an empirical error since there were 
asymmetric readings (averaged for Table 1) due to imperfectly balanced signals from the 
balun (an optimal balun would provide a perfectly balanced signal without bandwidth 
limitations).  Hence, it is considered that further improvement in model accuracy would 
require validation using more accurate measurement techniques.  This would include attention 
to the high sensitivity of readings to distance between the waveguides and the water, when the 
distance is small.  The improved model results in a better-conditioned field matrix than the 
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conventional approach since there is more complete integration of the anomalous field.  Using 
the conventional but quasi-3D approach, it was necessary to regularise the field matrix prior 
to solving, to obtain a stable solution.  The improved model provided well-conditioned field 
matrices, avoiding the need for any regularisation. 
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Fig.3 Field distribution for asymmetric positioning (x=0) of waveguide with respect to water bath. 
 
5  Conclusions 
 
We have described an IE method for determining the electric field distribution in a low loss, 
inhomogenous dielectric material given a pre-determined impressed field, Ei, and for a 
parallel waveguide, to calculate propagation velocity.  Improvement to the conventional IE 
model arising from more accurate integration of the near field in the IE method provided a 
more stable solution that agrees more closely with experimental results using water as a 
dielectric body. 
 
A current direction of our research work is enhanced accuracy and convergence rate for our 
techniques to non-invasively measure moisture distribution [3].  The technique described here 
will be used to further enhance model accuracy in that application. 
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